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Fonksiyonlar ve Yüzeyler
İki Değişkenli Fonksiyonlar

Dairesel silindirin V hacmi, r yarıçapına ve h yüksekliğine bağlıdır.
Aslında, V = πr2h olduğunu biliyoruz. V ye r ve h nin fonksiyonu deriz
ve V (r, h) = πr2h yazarız.

Tanım 1
İki değişkenli f fonksiyonu, D kümesinden her bir sıralı (x, y) gerçel
sayı ikilisine, f(x, y) ile gösterilen tek bir gerçel sayı karşılık getiren
kuraldır. D, f nin tanım kümesidir ve f nin aldığı değerlerin
{f(x, y)|(x, y) ∈ D} kümesine de görüntü kümesi denir.

f nin genel bir (x, y) noktasında aldığı değeri sıklıkla z = f(x, y) ile
gösteririz. x ve y bağımsız değişkenler, z ise bağımlı değişkendir.
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Tanım kümesi, R2 nin, xy-düzleminin, bir alt kümesidir.
Tanım kümesini mümkün olan tüm girdilerin kümesi, görüntü kümesini
de çıktıların kümesi olarak düşünebiliriz.

Fonksiyon, tanım kümesi belirtilmeden, bir formül ile verildiğinde tanım
kümesi olarak, verilen ifadenin iyi tanımlı gerçel sayı değerleri ürettiği
tüm (x, y) ikililerinin kümesi alınır.
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Örnek 2
f(x, y) = 4x2 + y2 ifadesiyle verilen f(x, y) fonksiyonu tüm (x, y) sıralı
gerçel sayı ikilileri için tanımlı olduğundan tanım kümesi R2, tüm
xy-düzlemidir.

Görüntü kümesi ise tüm negatif olmayan gerçel sayılar, [0,∞) dur.
[x2 ≥ 0 ve y2 ≥ 0 olduğundan tüm x ve y ler için f(x, y) ≥ 0 olduğuna
dikkat ediniz.]
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Örnek 3
Aşağıdaki fonksiyonların tanım kümelerini ve f(3, 2) yi bulunuz.

(a) f(x, y) =

√
x+ y + 1

x− 1

(b) f(x, y) = x ln(y2 − x)

Çözüm.

(a) f için verilen ifade, paydanın 0 olmadığı ve karekökün içindeki
terimin negatif olmadığı durumda anlamlıdır. Bu yüzden tanım
kümesi

D = {(x, y)
∣∣∣x+ y + 1 ≥ 0, x 6= 1} dir.

x+y+1 ≥ 0 ya da y ≥ −x−1 eşitsizliği
y = −x − 1 doğrusunun üzerinde ya
da üstündeki noktaları verir. x 6= 1 ise
x = 1 doğrusunun üzerindeki noktaların
alımaması gerektiğini söyler.

EXAMPLE 1 If , then is defined for all possible ordered
pairs of real numbers , so the domain is , the entire -plane. The range of 
is the set of all nonnegative real numbers. [Notice that and , so

for all and .]

EXAMPLE 2 Find the domains of the following functions and evaluate .

(a) (b)

SOLUTION

(a)

The expression for makes sense if the denominator is not 0 and the quantity under
the square root sign is nonnegative. So the domain of is

The inequality , or , describes the points that lie on or
above the line , while means that the points on the line 
must be excluded from the domain. (See Figure 1.)

(b)

Since is defined only when , that is, , the domain of 
is . This is the set of points to the left of the parabola .
(See Figure 2.)

Not all functions can be represented by explicit formulas. The function in the next
example is described verbally and by numerical estimates of its values.

EXAMPLE 3 The wave heights (in feet) in the open sea depend mainly on the speed
of the wind (in knots) and the length of time (in hours) that the wind has been

blowing at that speed. So is a function of and and we can write .
Observations and measurements have been made by meteorologists and oceanogra-
phers and are recorded in Table 1.
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TABLE 1
Wave heights (in feet) produced

by different wind speeds for
various lengths of time
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sx � y � 1
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Çözüm (devamı).

f(3, 2) =

√
3 + 2 + 1

3− 1
=

√
6

2

(b)

EXAMPLE 1 If , then is defined for all possible ordered
pairs of real numbers , so the domain is , the entire -plane. The range of 
is the set of all nonnegative real numbers. [Notice that and , so

for all and .]

EXAMPLE 2 Find the domains of the following functions and evaluate .

(a) (b)

SOLUTION

(a)

The expression for makes sense if the denominator is not 0 and the quantity under
the square root sign is nonnegative. So the domain of is

The inequality , or , describes the points that lie on or
above the line , while means that the points on the line 
must be excluded from the domain. (See Figure 1.)

(b)

Since is defined only when , that is, , the domain of 
is . This is the set of points to the left of the parabola .
(See Figure 2.)

Not all functions can be represented by explicit formulas. The function in the next
example is described verbally and by numerical estimates of its values.

EXAMPLE 3 The wave heights (in feet) in the open sea depend mainly on the speed
of the wind (in knots) and the length of time (in hours) that the wind has been

blowing at that speed. So is a function of and and we can write .
Observations and measurements have been made by meteorologists and oceanogra-
phers and are recorded in Table 1.
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ln(y2−x) yalnızca y2−x > 0, ya da x < y2

iken tanımlı olduğu için, tanım kümesi

D = {(x, y)
∣∣∣x < y2}

dir. Bu, x = y2 parabolünün solundaki nok-
taların kümesidir.

f(3, 2) = 3 ln(22 − 3) = 3 ln 1 = 0
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Örnek 4
g(x, y) =

√
9− x2 − y2 fonksiyonunun tanım ve görüntü kümesini

bulunuz.

Çözüm.
which is the disk with center and radius 3 (see Figure 1). The range of is

Since is a positive square root, . Also

So the range is

Visual Representations

One way to visualize a function of two variables is through its graph. Recall from
Section 9.6 that the graph of is the surface with equation .

EXAMPLE 4 Sketch the graph of .

SOLUTION The graph has equation . We square both sides of this
equation to obtain , or , which we recognize as
an equation of the sphere with center the origin and radius 3. But, since , the
graph of is just the top half of this sphere (see Figure 2).

EXAMPLE 5 Use a computer to draw the graph of the Cobb-Douglas production func-
tion .

SOLUTION Figure 3 shows the graph of P for values of the labor L and capital K that
lie between 0 and 300. The computer has drawn the surface by plotting vertical
traces. We see from these traces that the value of the production P increases as
either L or K increases, as is to be expected.

Another method for visualizing functions, borrowed from mapmakers, is a contour
map on which points of constant elevation are joined to form contour lines, or level
curves.

Definition The level curves of a function of two variables are the curves with
equations , where is a constant (in the range of ).

A level curve is the set of all points in the domain of at which takes
on a given value . In other words, it shows where the graph of has height .kfk
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g nin tanım kümesi

D = {(x, y)|9− x2 − y2 ≥ 0}
= {(x, y)|x2 + y2 ≤ 9}

merkezi (0, 0) ve yarıçapı 3 olan
dairedir.
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Çözüm (devamı).

g nin görüntüsü {
z|z =

√
9− x2 − y2, (x, y) ∈ D

}
dir. z pozitif karekök olduğundan z ≥ 0 olur. Ayrıca

9− x2 − y2 ≥ 0⇒
√
9− x2 − y2 ≤ 3

dür. Buradan görüntü kümesi

{z|0 ≤ z ≤ 3} = [0, 3]

olarak bulunur.
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Görsel Temsiller

İki değişkenli bir fonksiyonu görselleştirmenin bir yolu da onun grafiğidir.
f nin grafiği, denklemi z = f(x, y) olan yüzeydir.
Fonksiyonları görselleştirmenin diğer bir yolu da haritacılardan ödünç
alınan aynı yükseklikteki noktaların birleştirilmesiyle elde edilen kesit (ya
da kontur) eğrileridir.
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Tanım 5
İki değişkenli bir f fonksiyonunun kesit eğrileri, k (f nin görüntü
kümesinde) bir sabit olmak üzere denklemi f(x, y) = k olan eğrilerdir.

Bir f(x, y) = k kesit eğrisi, f nin tanım kümesinde, f nin, verilen bir k
değerini aldığı noktaların kümesidir. Diğer bir deyişle, f nin grafiğinin
yüksekliğinin nerede k olduğunu gösterir.



Fonksiyonlar ve Yüzeyler Görsel Temsiller

Aşağıdaki şekilde kesit eğrileri ile yatay izler arasındaki ilişkiyi
görebilirsiniz. f(x, y) = k kesit eğrileri, f nin grafiğinin z = k yatay
düzlemi ile arakesitinin xy-düzlemine izdüşümleridir. Bu yüzden, eğer bir
fonksiyonun kesit eğrilerini çizer ve onları yüzey üzerinde belirtilen düzeye
yükseltirseniz zihninizde grafiği oluşturabilirsiniz. Kesit eğrilerinin
birbirine yakın olduğu yerlerde yüzey dikleşmekte, uzak olduğunda ise
düzleşmektedir.

You can see from Figure 4 the relation between level curves and horizontal traces.
The level curves are just the traces of the graph of in the horizontal plane

projected down to the -plane. So if you draw the level curves of a function
and visualize them being lifted up to the surface at the indicated height, then you can
mentally piece together a picture of the graph. The surface is steep where the level
curves are close together. It is somewhat flatter where they are farther apart.

One common example of level curves occurs in topographic maps of mountainous
regions, such as the map in Figure 5. The level curves are curves of constant elevation
above sea level. If you walk along one of these contour lines you neither ascend nor
descend. Another common example is the temperature at locations with longitude

and latitude . Here the level curves are called isothermals and join locations with 

FIGURE 6
World mean sea-level temperatures

in January in degrees Celsius
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Örnek 6

g(x, y) =
√

9− x2 − y2 = k

fonksiyonunun k = 0, 1, 2, 3 değerleri için kesit eğrilerini çiziniz.

Çözüm.

Kesit eğrileri √
9− x2 − y2 = k ya da x2 + y2 = 9− k2

eğrileridir. Bunlar, merkezi (0, 0) yarıçapı
√
9− k2. olan eşmerkezli

çemberlerdir. Bu eğriler k = 0, 1, 2, 3 için aşağıdaki şekilde gösterilmiştir.
Bu kesit eğrilerinin yükseltilerek bir yüzey oluşturduğunu görselleştirmeye
çalışınız ve bunu g nin grafiği (bir yarıküre) ile karşılaştırınız.
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Çözüm (devamı).

g(x, y) =
√

9− x2 − y2 = k

fonksiyonunun kontur haritası ve grafiği aşağıdaki şekildedir.

the same temperature. Figure 6 shows a weather map of the world indicating the aver-
age January temperatures. The isothermals are the curves that separate the colored bands.

EXAMPLE 6 A contour map for a function is shown in Figure 7. Use it to estimate
the values of and .

SOLUTION The point (1, 3) lies partway between the level curves with -values 70
and 80. We estimate that

Similarly, we estimate that

EXAMPLE 7 Sketch the level curves of the function for the
values , , , .

SOLUTION The level curves are

This is a family of lines with slope . The four particular level curves with
, , , and are , , , and

. They are sketched in Figure 8. The level curves are equally
spaced parallel lines because the graph of is a plane (see Figure 4 in Section 9.6).

EXAMPLE 8 Sketch the level curves of the function

SOLUTION The level curves are

This is a family of concentric circles with center and radius . The
cases , , , are shown in Figure 9. Try to visualize these level curves lifted
up to form a surface and compare with the graph of (a hemisphere) in Figure 2.

EXAMPLE 9 Sketch some level curves of the function .

SOLUTION The level curves are
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FIGURE 7

FIGURE 8
Contour map of f(x, y)=6-3x-2y
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which is the disk with center and radius 3 (see Figure 1). The range of is

Since is a positive square root, . Also

So the range is

Visual Representations

One way to visualize a function of two variables is through its graph. Recall from
Section 9.6 that the graph of is the surface with equation .

EXAMPLE 4 Sketch the graph of .

SOLUTION The graph has equation . We square both sides of this
equation to obtain , or , which we recognize as
an equation of the sphere with center the origin and radius 3. But, since , the
graph of is just the top half of this sphere (see Figure 2).

EXAMPLE 5 Use a computer to draw the graph of the Cobb-Douglas production func-
tion .

SOLUTION Figure 3 shows the graph of P for values of the labor L and capital K that
lie between 0 and 300. The computer has drawn the surface by plotting vertical
traces. We see from these traces that the value of the production P increases as
either L or K increases, as is to be expected.

Another method for visualizing functions, borrowed from mapmakers, is a contour
map on which points of constant elevation are joined to form contour lines, or level
curves.

Definition The level curves of a function of two variables are the curves with
equations , where is a constant (in the range of ).

A level curve is the set of all points in the domain of at which takes
on a given value . In other words, it shows where the graph of has height .kfk
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Üç veya Daha Fazla Değişkenli Fonksiyonlar

Üç değişkenli bir f fonksiyonu, bir D ⊂ R3 tanım kümesindeki her
(x, y, z) sıralı üçlüsüne, f(x, y, z) ile gösterilen tek bir gerçel sayı getiren
bir kuraldır.

Örneğin, dünya’nın bir noktasındaki T sıcaklığı, bu noktanın x boylamına
y enlemine ve t zamanına bağlıdır, bu nedenle T = f(x, y, t) yazabiliriz
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Örnek 7

f(x, y, z) = ln(z − y) + xy sin z

fonksiyonunun tanım kümesini bulunuz.

Çözüm.

f(x, y, z) nin ifadesi z − y > 0 olduğunda tanımlıdır, bu nedenle f nin
tanım kümesi

D = {(x, y, z) ∈ R3|z > y}

olur. Bu küme z = y düzleminin yukarısında kalan tüm noktalardan
oluşan yarı uzaydır.
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Dört boyutlu bir uzayda bulunması nedeniyle üç değişkenli bir f
fonksiyonunu grafiğiyle görselleştirmek çok zordur.

Yine de, kesit yüzeyleri adı verilen f(x, y, z) = k denklemine sahip
yüzeyleri inceleyerek f hakkında biraz bilgi edinebiliriz.
Bir (x, y, z) noktası bir kesit yüzeyi üzerinde hareket ederse f(x, y, z) nin
değeri aynı kalır.
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Örnek 8

f(x, y, z) = x2 + y2 + z2

fonksiyonunun kesit yüzeylerini bulunuz.

Çözüm.

It’s very difficult to visualize a function of three variables by its graph, since that
would lie in a four-dimensional space. However, we do gain some insight into by
examining its level surfaces, which are the surfaces with equations ,
where is a constant. If the point moves along a level surface, the value of

remains fixed.

EXAMPLE 12 Find the level surfaces of the function

SOLUTION The level surfaces are , where . These form a family 
of concentric spheres with radius . (See Figure 13.) Thus, as varies over
any sphere with center , the value of remains fixed.

Functions of any number of variables can be considered. A function of n variables
is a rule that assigns a number to an -tuple of
real numbers. We denote by the set of all such n-tuples. For example, if a company
uses different ingredients in making a food product, is the cost per unit of the 
ingredient, and units of the ingredient are used, then the total cost of the ingre-
dients is a function of the variables :

The function is a real-valued function whose domain is a subset of . Some-
times we will use vector notation in order to write such functions more compactly: If

, we often write in place of . With this nota-
tion we can rewrite the function defined in Equation 3 as

where and denotes the dot product of the vectors c and x
in .

In view of the one-to-one correspondence between points in and
their position vectors in , we have three ways of looking at a
function f defined on a subset of :

1. As a function of real variables 

2. As a function of a single point variable 

3. As a function of a single vector variable 

We will see that all three points of view are useful.

x � 
x1, x2, . . . , xn �
�x1, x2, . . . , xn �

x1, x2, . . . , xnn

�n
Vnx � 
x1, x2, . . . , xn �

� n�x1, x2, . . . , xn�
Vn

c � xc � 
c1, c2, . . . , cn �

f �x� � c � x

f �x1, x2, . . . , xn �f �x�x � 
x1, x2, . . . , xn �

� nf

C � f �x1, x2, . . . , xn � � c1x1 � c2x2 � � � � � cnxn3

x1, x2, . . . , xnn
Cithxi

ithcin
�n

�x1, x2, . . . , xn �nz � f �x1, x2, . . . , xn �

f �x, y, z�O
�x, y, z�sk

k � 0x 2 � y 2 � z2 � k

f �x, y, z� � x 2 � y 2 � z2

f �x, y, z�
�x, y, z�k

f �x, y, z� � k
f

f
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(c) Describe in words the meaning of the question “For
what value of is ?” Then answer the
question.

(d) What is the meaning of the function ?
Describe the behavior of this function.

(e) What is the meaning of the function ?
Describe the behavior of this function.

I � f �T, 50�

I � f ��4, v�

f �T, 80� � �14T
1. In Example 1 we considered the function , where

is the wind-chill index, is the actual temperature, and 
is the wind speed. A numerical representation is given in
Table 1.
(a) What is the value of ? What is its meaning?
(b) Describe in words the meaning of the question “For

what value of is ?” Then answer the
question.

f ��12, v� � �26v

f �8, 60�

vTI
I � f �T, v�

Exercises � � � � � � � � � � � � � � � � � � � � � � � � � �11.1

Kesit yüzeyleri, k ≥ 0 olmak üzere
x2+y2+z2 = k yüzeyleridir. Bunlar,
yarıçapı

√
k olan eşmerkezli küreler

oluştururlar. Bu nedenle, (x, y, z),
O merkezli bir küte üzerinde hareket
ederken, f(x, y, z) nin değeri aynı
kalır.
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Grafikler

Tanım 9
Tanım kümesi D olan iki değişkenli bir f fonksiyonunun grafiği, D deki
(x, y) ler için z = f(x, y) koşulunu sağlayan R3 teki (x, y, z) noktalarının
kümesidir.

Bir değişkenli f fonksiyonunun grafiği y = f(x) denklemi ile verilen C
eğrisi olduğu gibi, iki değişkenli f fonksiyonunun grafiği de z = f(x, y)
denklemiyle verilen S yüzeyidir.
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f nin S grafiğini xy-düzlemindeki D tanım kümesinin tam üstünde ya da
altında görebiliriz.

For instance, the table indicates that if the wind has been blowing at 50 knots for
30 hours, then the wave heights are estimated to be 45 ft, so 

The domain of this function is given by and . Although there is no
exact formula for in terms of and , we will see that the operations of calculus
can still be carried out for such an experimentally defined function.

Graphs

One way of visualizing the behavior of a function of two variables is to consider its
graph.

Definition If is a function of two variables with domain D, then the graph of
is the set of all points in such that and is in D.

Just as the graph of a function of one variable is a curve with equation
so the graph of a function of two variables is a surface with equation
. We can visualize the graph of as lying directly above or below its

domain in the -plane (see Figure 3).

EXAMPLE 4 Sketch the graph of the function .

SOLUTION The graph of has the equation , or ,
which represents a plane. By finding the intercepts (as in Example 4 in Section 9.5),
we sketch the portion of this graph that lies in the first octant in Figure 4.

The function in Example 4 is a special case of the function

which is called a linear function. The graph of such a function has the equation
, or , so it is a plane. In much the same way

that linear functions of one variable are important in single-variable calculus, we will
see that linear functions of two variables play a central role in multivariable calculus.

EXAMPLE 5 Sketch the graph of the function .

SOLUTION Notice that, no matter what value we give , the value of is always
. The equation of the graph is , which doesn’t involve y. This means that

any vertical plane with equation (parallel to the -plane) intersects the graph
in a curve with equation , that is, a parabola. Figure 5 shows how the graph is
formed by taking the parabola in the -plane and moving it in the direction
of the y-axis. So the graph is a surface, called a parabolic cylinder, made up of
infinitely many shifted copies of the same parabola.

In sketching the graphs of functions of two variables, it’s often useful to start by
determining the shapes of cross-sections (slices) of the graph. For example, if we keep

fixed by putting (a constant) and letting vary, the result is a function of one yx � kx

xzz � x 2
z � x 2

xzy � k
z � x 2x 2

f �x, y�y

f �x, y� � x 2

ax � by � z � c � 0z � ax � by � c

f �x, y� � ax � by � c

3x � 2y � z � 6z � 6 � 3x � 2yf

f �x, y� � 6 � 3x � 2y

xyD
fSz � f �x, y�

Sfy � f �x�,
Cf

�x, y�z � f �x, y��3�x, y, z�f
f

tvh
t � 0v � 0h

f �50, 30� � 45

SECTION 9.6 FUNCTIONS AND SURFACES � 687

FIGURE 3

f(x, y)

0

z

y
x

D

S
{x, y, f(x, y)}

(x, y, 0)

FIGURE 4

(2, 0, 0)

(0, 3, 0)

z

y

x

(0, 0, 6)

FIGURE 5
The graph of f(x, y)=≈ is the
parabolic cylinder z=≈.

x y

0

z



Grafikler

Örnek 10
f(x, y) = 6− 3x− 2y fonksiyonunun grafiğini çiziniz.

Çözüm.

f nin grafiği z = 6− 3x− 2y ya da 3x+ 2y + z = 6 denklemi ile verilir
be bu bir düzlemi temsil eder. Kesenleri bularak grafiğin birinci bölgede
kalan kısmını aşağıdaki şekilde çizebiliriz.

For instance, the table indicates that if the wind has been blowing at 50 knots for
30 hours, then the wave heights are estimated to be 45 ft, so 

The domain of this function is given by and . Although there is no
exact formula for in terms of and , we will see that the operations of calculus
can still be carried out for such an experimentally defined function.

Graphs

One way of visualizing the behavior of a function of two variables is to consider its
graph.

Definition If is a function of two variables with domain D, then the graph of
is the set of all points in such that and is in D.

Just as the graph of a function of one variable is a curve with equation
so the graph of a function of two variables is a surface with equation
. We can visualize the graph of as lying directly above or below its

domain in the -plane (see Figure 3).

EXAMPLE 4 Sketch the graph of the function .

SOLUTION The graph of has the equation , or ,
which represents a plane. By finding the intercepts (as in Example 4 in Section 9.5),
we sketch the portion of this graph that lies in the first octant in Figure 4.

The function in Example 4 is a special case of the function

which is called a linear function. The graph of such a function has the equation
, or , so it is a plane. In much the same way

that linear functions of one variable are important in single-variable calculus, we will
see that linear functions of two variables play a central role in multivariable calculus.

EXAMPLE 5 Sketch the graph of the function .

SOLUTION Notice that, no matter what value we give , the value of is always
. The equation of the graph is , which doesn’t involve y. This means that

any vertical plane with equation (parallel to the -plane) intersects the graph
in a curve with equation , that is, a parabola. Figure 5 shows how the graph is
formed by taking the parabola in the -plane and moving it in the direction
of the y-axis. So the graph is a surface, called a parabolic cylinder, made up of
infinitely many shifted copies of the same parabola.

In sketching the graphs of functions of two variables, it’s often useful to start by
determining the shapes of cross-sections (slices) of the graph. For example, if we keep

fixed by putting (a constant) and letting vary, the result is a function of one yx � kx
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Önceki Örnekteki fonksiyon

f(x, y) = ax+ by + c

biçiminde olan ve doğrusal fonksiyon adı verilen fonksiyonların özel bir
durumudur.

Bu fonksiyonların grafikleri z = ax+ by + c ya da ax+ by − z + c = 0 ile
verildikleri için birer düzlemdir.
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Örnek 11
f(x, y) = x2 fonksiyonunun grafiğini çiziniz.

Çözüm.

y ye hangi değeri verirsek verelim f(x, y) nin değerinin x2 olduğuna
dikkat ediniz. Grafiği veren z = x2 denklemi y yi içermemektedir. Bu,
denklemi y = k olan her düşey (xz-düzlemine paralel) düzlemin, grafiği,
z = x2 denklemi ile verilen parabol boyunca kesmesi demektir.

For instance, the table indicates that if the wind has been blowing at 50 knots for
30 hours, then the wave heights are estimated to be 45 ft, so 

The domain of this function is given by and . Although there is no
exact formula for in terms of and , we will see that the operations of calculus
can still be carried out for such an experimentally defined function.

Graphs

One way of visualizing the behavior of a function of two variables is to consider its
graph.

Definition If is a function of two variables with domain D, then the graph of
is the set of all points in such that and is in D.

Just as the graph of a function of one variable is a curve with equation
so the graph of a function of two variables is a surface with equation
. We can visualize the graph of as lying directly above or below its

domain in the -plane (see Figure 3).

EXAMPLE 4 Sketch the graph of the function .

SOLUTION The graph of has the equation , or ,
which represents a plane. By finding the intercepts (as in Example 4 in Section 9.5),
we sketch the portion of this graph that lies in the first octant in Figure 4.

The function in Example 4 is a special case of the function

which is called a linear function. The graph of such a function has the equation
, or , so it is a plane. In much the same way

that linear functions of one variable are important in single-variable calculus, we will
see that linear functions of two variables play a central role in multivariable calculus.

EXAMPLE 5 Sketch the graph of the function .

SOLUTION Notice that, no matter what value we give , the value of is always
. The equation of the graph is , which doesn’t involve y. This means that

any vertical plane with equation (parallel to the -plane) intersects the graph
in a curve with equation , that is, a parabola. Figure 5 shows how the graph is
formed by taking the parabola in the -plane and moving it in the direction
of the y-axis. So the graph is a surface, called a parabolic cylinder, made up of
infinitely many shifted copies of the same parabola.

In sketching the graphs of functions of two variables, it’s often useful to start by
determining the shapes of cross-sections (slices) of the graph. For example, if we keep

fixed by putting (a constant) and letting vary, the result is a function of one yx � kx
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Şekilde grafiğin xz-düzleminde alınan
z = x2 parabolünün y-ekseni
boyunca kaydırılarak oluşturulması
gösterilmektedir.
Dolayısıyla; grafik, parabolik silindir
adı verilen ve aynı parabolün sonsuz
tane kaydırılmış kopyasından oluşan
bir yüzeydir.
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Kesitlerin (dilimlerin) şekillerini belirleyerek başlamak genelde iki
değişkenli fonksiyonların grafiğini çizmeyi kolaylaştırır.

Örneğin, x i, x = k (bir sabit) olarak sabitlersek ve y yi değiştirirsek
sonuç tek değişkenli z = f(x, y) fonksiyonudur ve grafiği z = f(x, y)
denklemi ile verilen yüzeyin x = k düşey düzlemi ile kesişimidir.

Benzer şekilde, yüzeyi y = k düşey düzlemiyle dilimleyip z = f(x, k)
eğrilerine bakabilir ya da z = k yatay düzlemleri ile dilimleyebiliriz.
Tüm bu eğrilere z = f(x, y) yüzeyinin izleri (ya da kesitleri) denir.
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Örnek 12
İzleri kullanarak f(x, y) = 4x2 + y2 fonksiyonunun grafiğini çiziniz.

Çözüm.

Grafiğin denklemi z = 4x2 + y2 dir. x = 0 alırsak z = y2 çıkar.
Dolayısıyla yz-düzleminin, grafikle kesişimi bir paraboldür. x = k (bir
sabit) alırsak z = 4k2 + y2 çıkar. Bu, grafiği yz-düzlemine paralel
düzlemlerle kestiğimizde yukarıya doğru açılan paraboller elde edeceğimiz
anlamına gelir. Benzer şekilde, y = k alırsak z = 4x2 + k2 izleri yukarıya
doğru açılan parabollerdir. z = k alırsak bir elips ailesi olan 4x2 + y2 = k
yatay izleri elde ederiz. variable , whose graph is the curve that results when we intersect the sur-

face with the vertical plane . In a similar fashion we can slice the 
surface with the vertical plane and look at the curves . We can also
slice with horizontal planes . All three types of curves are called traces (or cross-
sections) of the surface .

EXAMPLE 6 Use traces to sketch the graph of the function .

SOLUTION The equation of the graph is . If we put , we get ,
so the -plane intersects the surface in a parabola. If we put (a constant), we
get . This means that if we slice the graph with any plane parallel to
the -plane, we obtain a parabola that opens upward. Similarly, if , the trace
is , which is again a parabola that opens upward. If we put , we
get the horizontal traces , which we recognize as a family of ellipses.
Knowing the shapes of the traces, we can sketch the graph of in Figure 6. Because
of the elliptical and parabolic traces, the surface is called an elliptic
paraboloid.

EXAMPLE 7 Sketch the graph of .

SOLUTION The traces in the vertical planes are the parabolas ,
which open upward. The traces in are the parabolas , which
open downward. The horizontal traces are , a family of hyperbolas. We
draw the families of traces in Figure 7 and we show how the traces appear when
placed in their correct planes in Figure 8.

In Figure 9 we fit together the traces from Figure 8 together to form the surface
, a hyperbolic paraboloid. Notice that the shape of the surface near the z � y 2 � x 2

y 2 � x 2 � k
z � �x 2 � k 2y � k

z � y 2 � k 2x � k

f �x, y� � y 2 � x 2

z � 4x 2 � y 2
f

4x 2 � y 2 � k
z � kz � 4x 2 � k 2

y � kyz
z � y 2 � 4k 2

x � kyz
z � y 2x � 0z � 4x 2 � y 2

f �x, y� � 4x 2 � y 2

z � f �x, y�
z � k

z � f �x, k�y � k
x � kz � f �x, y�

z � f �k, y�
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FIGURE 7
Vertical traces are parabolas;
horizontal traces are hyperbolas.
All traces are labeled with the
value of k.
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planes
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The graph of f(x, y)=4≈+¥  is
the elliptic paraboloid z=4≈+¥.
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İzlerin şekillerini belirledikten sonra Şekildeki
gibi grafiği çizebiliriz. Eliptik ve parabolik izler-
den dolayı z = 4x2 + y2 yüzeyine eliptik
paraboloid adı verilir.
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İkinci Dereceden Yüzeyler

Tanım 13
x, y ve z değişkenleri cinsinden ikinci dereceden olan denklemlerin
grafiklerine ikinci dereceden yüzey denir.
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Örnek 14

x2 +
y2

9
+
z2

4
= 1 denklemi ile verilen ikinci dereceden yüzeyi çiziniz.

Çözüm.

xy-düzlemindeki (z = 0) izi, x2 +
y2

9
= 1 denklemi ile verilen elipstir.

Genelde, z = k düzlemindeki yatay izler

x2 +
y2

9
= 1− k2

4
, z = k

denklemi ile verilir. Bu izler, k2 < 4 ya da −2 < k < 2 için elipstir.
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Çözüm (devamı).

Benzer şekilde,

x = k, (−1 < k < 1) =⇒ y2

9
+
z2

4
= 1− k2

y = k, (−3 < k < 3) =⇒ x2 +
z2

4
= 1− k2

9

düşey izleri hep elipstir.

Quadric Surfaces

The graph of a second-degree equation in three variables , , and is called a
quadric surface. We have already sketched the quadric surfaces (an
elliptic paraboloid) and (a hyperbolic paraboloid) in Figures 6 and 9. In
the next example we investigate a quadric surface called an ellipsoid.

EXAMPLE 8 Sketch the quadric surface with equation

SOLUTION The trace in the xy-plane is , which we recognize as
an equation of an ellipse. In general, the horizontal trace in the plane is

which is an ellipse, provided that , that is, .
Similarly, the vertical traces are also ellipses:

Figure 11 shows how drawing some traces indicates the shape of the surface. It’s
called an ellipsoid because all of its traces are ellipses. Notice that it is symmetric
with respect to each coordinate plane; this is a reflection of the fact that its equation
involves only even powers of x, y, and .

The ellipsoid in Example 8 is not the graph of a function because some vertical
lines (such as the -axis) intersect it more than once. But the top and bottom halves
are graphs of functions. In fact, if we solve the equation of the ellipsoid for , we get 

So the graphs of the functions

and

are the top and bottom halves of the ellipsoid (see Figure 12). The domain of both 
and is the set of all points such that

so the domain is the set of all points that lie on or inside the ellipse .x 2 � y 2�9 � 1

1 � x 2 �
y 2

9
� 0  &?  x 2 �

y 2

9
� 1

�x, y�t

f
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y 2

9
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y 2

9
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y 2

9
z2 � 4�1 � x 2 �

y 2

9 �
z

z

z

 x 2 �
z2

4
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9
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y 2
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FIGURE 11
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Şekil, çizilmiş birkaç izin yüzeyin şeklini
nasıl belirttiğini göstermektedir. Tüm izleri
elips olduğu için bu yüzeye elipsoid denir.
Yüzeyin koordinat düzlemlerinin her birine
göre simetrik olduğuna dikkat ediniz. Bu,
denklemin x, y ve z nin yalnızca çift kuvvet-
lerinden oluşmasının bir sonucudur.
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Çözüm (devamı).

Örnekteki elipsoid, (z-ekseni gibi) bazı düşey doğruların onu birden fazla
kez kestiğinden dolayı, bir fonksiyonun grafiği değildir. Ancak, şeklin
üst ya da alt yarısı bir fonksiyonun grafiğidir. Elipsoidin denklemini z için
çözersek

z2 = 4

(
1− x2 − y2

9

)
z = ±2

√
1− x2 − y2

9

elde ederiz.



İkinci Dereceden Yüzeyler

Çözüm (devamı).

Bu yüzden

f(x, y) = 2

√
1− x2 − y2

9
ve g(x, y) = −2

√
1− x2 − y2

9

fonksiyonlarının grafikleri elipsoidin üst ve alt yarısıdır.

Table 2 shows computer-drawn graphs of the six basic types of quadric surfaces in
standard form. All surfaces are symmetric with respect to the -axis. If a quadric sur-
face is symmetric about a different axis, its equation changes accordingly.
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Surface Equation Surface Equation
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TABLE 2 Graphs of quadric surfaces

Table 2 shows computer-drawn graphs of the six basic types of quadric surfaces in
standard form. All surfaces are symmetric with respect to the -axis. If a quadric sur-
face is symmetric about a different axis, its equation changes accordingly.
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TABLE 2 Graphs of quadric surfaces



İkinci Dereceden Yüzeyler

Çözüm (devamı).

f ve g nin ikisinin de tanım kümeleri

1− x2 − y2

9
≥ 0 =⇒ x2 +

y2

9
≤ 1

eşitsizliğini sağlayan tüm (x, y) noktalarından oluşur. Başka bir deyişle,

x2 +
y2

9
= 1

elipsinin üzerinde veya içinde olan tüm noktalardan oluşur.



Bazı Standart İkinci Dereceden Yüzeyler

Bazı Standart İkinci Dereceden Yüzeyler

Standart biçimdeki altı temel ikinci dereceden yüzeyin bilgisayar
tarafından çizilmiş grafiklerini görelim.

Tüm bu yüzeyler z-eksenine göre simetriktir.

Bir ikinci dereceden yüzey diğer bir eksene göre simetrik ise denklemi de
ona uygun olarak değişir.



Bazı Standart İkinci Dereceden Yüzeyler

Elipsoid

x2

a2
+
y2

b2
+
z2

c2
= 1

Tüm kesitler elipsdir.
Eğer a = b = c ise elipsoid bir
küredir.

Table 2 shows computer-drawn graphs of the six basic types of quadric surfaces in
standard form. All surfaces are symmetric with respect to the -axis. If a quadric sur-
face is symmetric about a different axis, its equation changes accordingly.
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TABLE 2 Graphs of quadric surfaces



Bazı Standart İkinci Dereceden Yüzeyler

Koni

x2

a2
+
y2

b2
=
z2

c2

Yatay kesitler elipstir.
Düşey kesitler x = k ve y = k (k 6=
0) hiperboldür.
k = 0 için ikişer adet doğrudur.

Table 2 shows computer-drawn graphs of the six basic types of quadric surfaces in
standard form. All surfaces are symmetric with respect to the -axis. If a quadric sur-
face is symmetric about a different axis, its equation changes accordingly.
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Surface Equation Surface Equation
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TABLE 2 Graphs of quadric surfaces



Bazı Standart İkinci Dereceden Yüzeyler

Eliptik Paraboloid

x2

a2
+
y2

b2
=
z

c

Yatay kesitler elipsdir.
Düşey kesitler paraboldür.

Table 2 shows computer-drawn graphs of the six basic types of quadric surfaces in
standard form. All surfaces are symmetric with respect to the -axis. If a quadric sur-
face is symmetric about a different axis, its equation changes accordingly.
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Surface Equation Surface Equation
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TABLE 2 Graphs of quadric surfaces



Bazı Standart İkinci Dereceden Yüzeyler

Tek Parçalı Hiperboloid

x2

a2
+
y2

b2
− z2

c2
= 1

Yatay kesitler elipsdir.
Düşey kesitler hiperboldür.

Table 2 shows computer-drawn graphs of the six basic types of quadric surfaces in
standard form. All surfaces are symmetric with respect to the -axis. If a quadric sur-
face is symmetric about a different axis, its equation changes accordingly.
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TABLE 2 Graphs of quadric surfaces



Bazı Standart İkinci Dereceden Yüzeyler

Hiperbolik Paraboloid

x2

a2
− y2

b2
=
z

c

Yatay kesitler hiperboldür.
Düşey kesitler paraboldür.

Table 2 shows computer-drawn graphs of the six basic types of quadric surfaces in
standard form. All surfaces are symmetric with respect to the -axis. If a quadric sur-
face is symmetric about a different axis, its equation changes accordingly.
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TABLE 2 Graphs of quadric surfaces



Bazı Standart İkinci Dereceden Yüzeyler

İki Parçalı Hiperboloid

−x
2

a2
− y2

b2
+
z2

c2
= 1

k < −c veya k > c için yatay kesitler
(z = k) elipstir.
Düşey kesitler hiperboldür

Table 2 shows computer-drawn graphs of the six basic types of quadric surfaces in
standard form. All surfaces are symmetric with respect to the -axis. If a quadric sur-
face is symmetric about a different axis, its equation changes accordingly.
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TABLE 2 Graphs of quadric surfaces



Bazı Standart İkinci Dereceden Yüzeyler

Örnek 15
x2 + 2z2 − 6x− y + 10 = 0 ikinci dereceden yüzeyini sınıflandırınız.

Çözüm.

Verilen denklemi kareye tamamlayarak yeniden yazarsak

y − 1 = (x− 3)2 + 2z2

elde ederiz. Bu denklemin bir eliptik paraboloid olduğunu görürüz.
Ancak, paraboloidin ekseni y-eksenine paraleldir ve grafik, köşesi (3, 1, 0)
noktasında olacak şekilde kaydırılmıştır. y = k, (k > 1) düzlemindeki izler

(x− 3)2 + 2z2 = k − 1, y = k

elipsleridir. xy-düzlemindeki iz ise y = 1+ (x− 3)2, z = 0 denklemleri ile
verilen paraboldür.



Bazı Standart İkinci Dereceden Yüzeyler

Çözüm (devamı).
692 � CHAPTER 9 VECTORS AND THE GEOMETRY OF SPACE

3. Let .
(a) Evaluate .
(b) Find the domain of .
(c) Find the range of .

4. Let .
(a) Evaluate .
(b) Evaluate .
(c) Find and sketch the domain of .
(d) Find the range of .

5–8 � Find and sketch the domain of the function.

5. 6.

7.

8.
� � � � � � � � � � � � �

9–13 � Sketch the graph of the function.

9. 10.

11. 12.

13.
� � � � � � � � � � � � �

14. (a) Find the traces of the function in the
planes , , and . Use these traces to
sketch the graph.

(b) Sketch the graph of . How is it
related to the graph of ?

(c) Sketch the graph of . How is it
related to the graph of ?

15. Match the function with its graph (labeled I–VI). Give rea-
sons for your choices.
(a) (b) f �x, y� � � xy �f �x, y� � � x � � � y �

t

h�x, y� � 3 � x 2 � y 2
f

t�x, y� � �x 2 � y 2

z � ky � kx � k
f �x, y� � x 2 � y 2

f �x, y� � 1 � x 2

f �x, y� � sin yf �x, y� � 1 � x � y

f �x, y� � xf �x, y� � 3

f �x, y� � sx 2 � y 2 � 1 � ln�4 � x 2 � y 2 �

f �x, y� �
sy � x 2

1 � x 2

f �x, y� � sx � syf �x, y� � sx � y

f
f

f �e, 1�
f �1, 1�

f �x, y� � ln�x � y � 1�

f
f

f �2, 0�
f �x, y� � x 2e3xy1. In Example 3 we considered the function , where

is the height of waves produced by wind at speed for a
time . Use Table 1 to answer the following questions.
(a) What is the value of ? What is its meaning?
(b) What is the meaning of the function ?

Describe the behavior of this function.
(c) What is the meaning of the function ?

Describe the behavior of this function.

2. The figure shows vertical traces for a function .
Which one of the graphs I–IV has these traces? Explain.

III IVz

y
x

z

y
x

I II

y

z

x

y

z

x

Traces in x=k Traces in y=k

k=_1

0_2

2

1

z

x

k=1

0 2

_2

_1

z

y

z � f �x, y�

h � f �v, 30�

h � f �30, t�
f �40, 15�

t
vh

h � f �v, t�

Exercises � � � � � � � � � � � � � � � � � � � � � � � � � �9.6

EXAMPLE 9 Classify the quadric surface .

SOLUTION By completing the square we rewrite the equation as

Comparing this equation with Table 2, we see that it represents an elliptic parabo-
loid. Here, however, the axis of the paraboloid is parallel to the -axis, and it has
been shifted so that its vertex is the point . The traces in the plane 

are the ellipses

The trace in the -plane is the parabola with equation , .
The paraboloid is sketched in Figure 13.

z � 0y � 1 � �x � 3�2xy

y � k�x � 3�2 � 2z2 � k � 1

�k � 1�
y � k�3, 1, 0�

y

y � 1 � �x � 3�2 � 2z2

x 2 � 2z2 � 6x � y � 10 � 0

FIGURE 13
≈+2z@-6x-y+10=0
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